Abstract. This letter deals with the observed development of (false) twist in fibres subjected to a biaxial rotation-fatigue test. A simple theory in terms of forces and moments is presented from which both the torque and the rate (amount) of twist can be correlated with the viscoelastic properties of the fibre.
In a recent paper of Calil et a1 (1980) a theory was presented to account for the experimentally observed development of (false) twist in fibres subjected to a biaxial rotation-fatigue test. This theory is based upon an energy consideration, because, as the authors state: 'the torque is easily explained by an energy argument, but more difficult in terms of forces and moments'. The theory neither permits the calculation of the angular dependence of the twisting torque nor the rate (amount) of twist.
In figure l(a) a simpie method for fatigue testing by rotation of a bent fibre is shown. According to Calil et a1 (1980) the deformation of the fibre is considered in a frame rotating with the same speed as the fibre; see figure l(b). In this frame the cross-section A remains stationary, but the end B is moved around a circle (without rotation of the cross-section itself) in a direction opposite to the original direction of rotation. Therefore: in this frame the deformation of the fibre can be considered as due to the superposition of two identical periodic pure bending deformations showing a phase difference of ;r/2 rad. (FrGm these considerations it is dear that the amount of dissipated energy as mentioned by Calil eta1 (1980) is too small by a factor two.) Alternatively the deformation j bi For pure bending of a cylinder (see figure 2 ) to a first approximation the bent cylinder will be a part of a circular ring with radius r and with C-C' as the axis. Plane crosssections perpendicular to the axis of the cylinder in the undeformed state pass into plain cross-sections containing C-C' in the deformed state. Consider such a cross-section in the deformed state and a coordinate system with the centre of this cross-section as the origin and the y axis parallel to C-C' as shown in the figure. In this coordinate system the stress has only one non-zero component:
directed perpendicular to the above mentioned cross-sections.
From equation (1) it follows for the torques around the x, y and z axes:
where E is Young's modulus of the fibre material 2nd I is the geometric moment of inertia of the cross-section. (4) and (9).
For a circular cylinder with radius R , I = nR4/4. (For the above approximation to be valid it is required that R/r e 1 .) From expressions ( 2 ) it is seen that the bending can be preserved by two terminal couples. These couples can be written in the form
From expression (3) it can be concluded that for a bending action the couple may be regarded as a generalised force if we take the relative rotation of the end-faces as the corresponding displacement (Southwell 1941) . Now let us specify that the rotating frame introduced previously coincides with the laboratory frame fort = 0. The displacement can then be written, see figure 
For a linear viscoelastic material the moments lead the deforinations by the angle 6:
where
is the complex Young modulus and tan 6 = E"( @)/E'( w ) is the loss tangent of the fibre material.
The rate of energy dissipation W equals:
e,.
(8) For calculating the energy supplied io the sample by the clamps, remember that the deformation can be regarded as pure bending for which the direction of polarisation rotates with angular frequency w. The stress field in the sample therefore rotates with angular frequency w as well? but leads the deformation by the angle 6, i.e. the stress field at time t corresponds to the stress field that a linear elastic sample with Youngs modulus 1 E"( w) I would show at time t + 6/0. As a consequence, the stress is no longer perpendicular to the end-face and has a component in the direction of rotation. To find this component, consider figure 3. The end-face is a tangent plane of the cone around the z axis with cone angle n -00. In the rotating frame this end-face (tangent plane) rotates around the z axis. So one has to find the angle y between two tangent planes of a cone with cone angle iz -00, which are separated by an angle 6 along the cone. From simple geometric considerations it is found: cos y = sin eo/2 sin 6.
(9)
The power P supplied to the sample by the clamp is therefore found from (see figure 4) :
where the fact that the end-face makes an angle 00/2 with the y z plane has been taken into account. 
Thus we arrive at the surprising result that in the rotating frame the energy balance is (nearly) satisfied, whereas no twist has beenintroduced. The torque balance, however, is violated and to overcome this a twisting action must take place.
At this stage two remarks must be made. Firstly, the stress distribution at the clamps will differ from equation (1). But from Saint Venant's principle it is found that the difference will be undetectable except within a very limited region. Secondly, the e dependence of w has been ignored so far. The latter point will be considered below. For the meaning of 8 see figure 3.
Let us now return to the laboratory frame and consider an element of the fibre. The (twisting) torque M I ( 0) around the fibre axis is found from (13) = E"( w ) r -l l sin e.
The equation for the torque balance depends on whether the fibre material is a viscoelastic liquid or a viscoelastic solid. For a viscoelastic liquid the torque balance of the element requires:
-MM,(e) = qO--where 70 stands for the zero-shear viscosity of the fibre. By using dE = Y d e it follows from equations (14) and (13):
where for simplicity E"( w ) is assumed to be constant, E"( 0) = E"( w l ) , in the small frequency range of interest. The boundary conditions are:
From equations (15) and (16) it follows:
[cos e -cos(eo/2)].
TO
So. for the velocity lag between the centre of the fibre and the clamps it is found:
expression (18): 1tn E ( 01) = 01 q~, where q E is the extensional viscosity of the fibre, it follows from Aw/wl=-
From equation (19) it is seen that measurement of the velocity lag enables one to determine qE/qO for a viscoelastic liquid. For a perfectly V~SCOUS (Newtonian) liquid the assumption E"( w) = constant no longer holds and equation (15) has to be replaced bv ---d2w -1 7~~ cos e = $CO cos e.
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From a numerical solution with the boundary conditions given in expression (16) it is found:
A w / w~ = 0.320.
For a viscoelastic solid equation (14) takes the form
where q( t ) is the twist angle and G( t ) the relaxation modulusin shear. Now the boundary condition is:
From equations (22) and (23):
Now we are in a position to be more specific with respect to the values of win the energy balance equation for a viscoelastic liquid. It seems plausible that in a frame rotating with angular velocity w1 the torsional flow and the harmonic bending deformations (with frequency w1 ) can to first order be superimposed without cross-effects. From expressions (12) and (13) the power supply in the rotating frame is found to be:
Eo, in this frame on!y a sma!! ?art ofthe power supply is attributed to the rate of twist.
the twist rate:
The same power supply is found in the laboratory frame, but now it is solely due to P = 2~M , ( e ) e ,~~~ = 2 w~E I I ( w~) l r -~ sin(eo/2) =m2O?E"(w1)Ir-'sin 60.
For a viscoelastic solid the angular velocity in the stationary state is wz throughout the fibre and no such problems arise. Cali1 et a1 (1980) presented a quantitative estimate of the magnitude of the torque due to the internal losses in a typical textile fibre. The! considered a fatigue test in which a fibre is bent over n/2 rad around a pin with radius 12.7 X cm and rotated at a speed of 200 RPM. It is tempting to calculate the torque and the amount of twist from the model presented in this letter using the same fibre data. It must be noted that the approximation on which equation (5) is based does not apply here. Equation (4) can be written in the form (27) 1 . 
.). (28)
It is striking that even for a bending angle of n/2 higher harmonics are relatively small. For the torque at the clamps it follows from equations (28) and (13): (3 Table 1 Textile fibres are highly oriented as a consequence of a drawing process. As a result Young's modulus in the stretch direction increases markedly, whereas the shear modulus at right angles is almost unaffected. It is found that E' (lo)/G'( 10) is of the order of 20 in the frequency range 102-103 Hz (Wakelin et a1 1955) . Further it is found that E' (w)/G( t ) is -50 for t = 103-104 s. When it is assumed that the same data are valid here, Aq(t) can be calculated. In table 1 Mr(76/4) and A q ( t ) for t = lo3 s are quoted for various values o f f = (n/4) sin 6, together with the data of Cali1 et a1 (1980) . The conclusion of Cali1 et al(1980) that, unless the material has a very low loss factor, the torque due to internal friction will be much greater than the torque due to external friction, is confirmed.
